ABSTRACT
INTRODUCTION

15
Dendritic and axonal trees of neurons often have many tens or even thousands of branches that can extend across the 16 entire nervous system. Distributing biomolecular cargo within neuronal morphologies is therefore a considerable 
RESULTS
63
A simple model captures bulk behaviour of actively transported cargo 64 Transport along microtubules is mediated by kinesin and dynein motors that mediate anterograde and retrograde on the previous movement of the particle (Fig. 1B, bottom panel, Methods) .
77
While the movement of individual cargoes is stochastic, the movement of a population of cargoes (Fig. 1C) 
78
is predictable. This is seen in Figure 1D , which shows the distribution of 1000 molecules over time, with (top 79 panel) and without (bottom panel) unidirectional runs. The bulk distribution of cargo can therefore be modeled as a 80 deterministic process that describes how cargo cargo concentration spreads out in time. This leads to the well known 81 drift-diffusion equation (Fig. 1E ) when the movement probabilities are spatially uniform.
82
For simulations and calculations, this process can also be conveniently described by a mass-action model (Voit 83 et al., 2015) that breaks up the concentration profile along a neurite into small compartments with concentration-84 dependent transition rates between adjacent comparments. In a neurite with N compartments, the mass-action model when rate constants are spatially homogeneous (Smith and Simmons, 2001 ). This allowed us to constrain mass-89 action model parameters using experimental estimates of the mean and variance of particle positions from imaging 90 experiments (see Methods).
91
For example, with a compartment length of 1 µm, the simulations in figure 1D gave mean particle velocities of 92 15 µm per minute, which is within the range of experimental observations for microtubule transport (Rogers and under the most forgiving assumptions about how reliably demand is encoded.
109
The mass action model of sushi-belt transport is:
where u represents the concentration of cargo on the network of microtubules, indexed by the compartment. In each 111 compartment, molecules can irreversibly detach from the microtubules in a reaction u i c i − → u i , where u denotes the 112 detached cargo. Biologically, cargo will eventually degrade. However, in this study we are concerned with how 113 cargo can be rapidly distributed so that detached cargo can satisfy demand for at least some time. Therefore, for 114 simplicity we assume degradation rates are effectively zero.
115
In the limiting case where detachment rates also approach zero, we only need to consider trafficking between 116 compartments, as shown in Figure 2A . Over time, concentrations of microtubule-bound cargo in each compartment 117 approach steady-state, which occurs when the ratio of cargo between neighboring compartments is balanced by the 118
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trafficking rates:
where u p is the level in a "parent" compartment (closer to soma), u c is the level in the adjacent "child" compartment 120 (closer to periphery) and b and a are the trafficking rate constants between these compartments.
121
Ifũ i represents the local demand signal in compartment i, then equation (3) gives the condition for cargo 122 distribution to match demand:
An example demand profile and the corresponding trafficking rate relationships are shown in Figure 2B . This controlled at the somatic compartment by transcriptional regulation. In this paper, we mainly focus on the relative 127 accuracy of cargo distribution when some fixed amount of cargo is produced at the soma.
128
To illustrate demand-modulated trafficking in a realistic setting, we used a reconstructed model of a CA1 rates into that compartment also approach zero, cutting off the flow of cargo along the neurite (Fig 3A) . The smallest 139 demand signal, ε often determines the rate-limiting time constant for cargo delivery to an entire dendritic tree. We 140 refer to this scenario as a "transport bottleneck." Figures 3B-C illustrate how decreasing ε to zero causes arbitrarily 141 slow convergence in a simple 3-compartment model with all other trafficking rates normalized to 1.
142
We imposed a bottleneck in the reconstructed CA1 model by setting demand in the middle third of the apical 143 dendrite to a lower level than the rest of the dendritic tree, which was set uniformly high. As expected, the cargo 
170
In another limiting case, trafficking rates are spatially uniform (a i = b i ) so that cargo spreads evenly along the 
The result of this strategy, which we call demand-dependent detachment (DDD), is shown in Figure 4D . Unlike
173
DDT, DDD avoids the transport bottlenecks examined in Figure 3 , and can achieve target patterns withũ equal to 174 zero in certain compartments by setting c i = 0.
175
The model can capture mixed transport strategies between these two extremes by interpolating the relationships 176 between local demand, trafficking and transport rates (see Methods). Figure 4E shows the behavior of an intermediate 
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Although it is mathematically convenient to separate the timescales of trafficking and detachment in the model, this 180 separation may not exist in biological systems tuned for rapid transport. However, removal of timescale separation 181 in the sushi-belt model results in mistargeted delivery of cargo, as we now show.
182
We returned to the CA1 model of Figure 4 and considered a scenario where there is demand for cargo at the distal 183 apical dendrites (Fig. 5A) . If the detachment rate constants are sufficiently slow, then, as before, delivered cargo 184 matched demand nearly exactly in both the DDT and DDD models (Fig. 5A, left) . However, increasing detachment 185 rates led to faster convergence, but resulted in cargo leaking off the microtubule on the way to its destination ( Fig.   186 5A, right). Thus, for a fixed trafficking timescale there is a tradeoff between the speed and accuracy of cargo delivery.
187
The tradeoff curve shown in figure 5B (top) shows that both accuracy and convergence time decreased smoothly 188 as the detachment rates were increased. This tradeoff was present regardless of whether the trafficking rates ( dendrites.
192
When the entire apical tree was stimulated, fast detachment prevented cargo delivery to distal synaptic sites (Fig. 193 5C, right). As before, a smooth speed-accuracy tradeoff is present for both transport strategies ( Fig. 5D ), but in 194 contrast to distal demand alone, the DDT model outperformed DDD in this scenario (in contrast to Fig. 5A -B).
195
Intuitively, DDT is better in this case because DDD results in cargo being needlessly trafficked to the basal dendrites.
196
Together, these results show that increasing the speed of cargo delivery comes at the cost of accuracy, and that Fine-tuned trafficking rates and cargo recycling introduce new tradeoffs 206 We asked whether the speed-precision tradeoff could be overcome by fine-tuning trafficking parameters or allowing 207 cargo to be recycled instead of irreversibly detached.
208
First, we considered the effect of tuning anterograde trafficking rates to boost delivery to distal dendrites. We ... 10% requires more than ∼ 10 3 minutes for the demand profile to be matched within 10% ( Figure 5 , supplement 2).
226
Models that deliver less cargo (c i ≈ d i ) are less efficient in terms of cargo utilization, but have faster convergence.
227
Achieving a convergence time roughly ten times faster required more than 90% of all cargo to remain in transit at 228 steady state.
229
Distinct cell-type morphologies face order of magnitude differences in speed, precision and effi-230 ciency of trafficking 231 We wanted to see how these generic relationships between speed, precision and excess cargo affected global transport 232 in different, realistic morphologies. We therefore implemented the families of sushi-belt models in representative 233 morphologies from five cell types, spanning size and dendritic complexity (Fig. 6A) . We simulated trafficking Cargo originated in the soma and was transported to a uniform distribution (all a i = b i , normalized to a diffusion coefficient of 10 µm 2 / s); the detachment rate was spatially uniform and equal to 8 × 10 −5 s −1 . (C) Tradeoff curves for achieving a uniform distribution of cargo in realistic morphologies. The sushi-belt model without reattachment (as introduced in Fig. 4 ) suffers a tradeoff in speed and accuracy, while including reattachment (as in Fig. 7 ) produces a similar tradeoff between speed and excess "left-over" cargo. An optimistic diffusion coefficient of 10 µm 2 s −1 was used in both cases. For simulations with reattachment, the detachment rate (c i ) was set equal to trafficking rates (a i , b i ) for a 1 micron compartment. The detachment rate was increased linearly in proportion to compartment length in order to model a spatially uniform capture process.
rate was varied (Fig. 6C, model). Transport to distal compartments will be substantially faster when proximal demand is introduced (see Fig.   290 3). On the other hand, uniform trafficking combined with locally controlled detachment (DDD model, Fig. 4D speed, accuracy and metabolic cost. Therefore, optimizing for any one of these properties comes at the expense 309 of the others. For example, in the model without reattachment (Fig. 4) , the same distribution of cargo can be 
316
Trafficking kinetics do not just differ according to cargo identity -the same type of molecular cargo can exhibit 317 diverse movement statistics in single-particle tracking experiments (Dynes and Steward, 2007). These differences 318 lead us to speculate that different neuron types and different cargoes have adapted trafficking strategies that match 319 performance tradeoffs to biological needs.
320
It is possible that active transport in biological neurons will be more efficient and flexible than models predict.
321
For this reason, it is crucial to explore, quantitatively, the behavior of existing conceptual models by replacing 322 words with equations so that we can see where discrepancies with biology might arise. More generally, conceptual 
Model of single-particle transport
341 Let x n denote the position of a particle along a 1-dimensional cable at timestep n. Let v n denote the velocity of 342 the particle at timestep n; for simplicity, we assume the velocity can take on three discrete values, v n = {−1, 0, 1},
343
corresponding to a retrograde movement, pause, or anterograde movement. As a result, x n is constrained to take on 344 integer values. In the memoryless transport model (top plots in Fig. 1B, 1D , and 1F), we assume that v n is drawn 1 with probability p(+|v n )
In the limiting (non-stochastic) case of history-dependence, the particle always steps in the same direction as the 
The bottom plots of figure 1B, 1D were simulated with k = 0.5.
356
To estimate the concentration and spatial distribution of cargo in real units, we used a 1 µm/sparticle velocity 357 and a 1 second time step to match experimental estimates of kinesin (Klumpp and Lipowsky, 2005, and references).
358
We assumed a dendritic diameter of 7.2705 µm. Sneyd, 1998). For an unbranched cable, the change in cargo in compartment i is given by:
For now, we assume that the anterograde and retrograde trafficking rate constants (a and b, respectively) are spatially 364 uniform.
365
The mass-action model can be related to a drift-diffusion partial differential equation (Fig. 1E ) by discretizing u into spatial compartments of size ∆ and expanding around some position, x:
We keep terms to second order in ∆, as these are of order dt in the limit ∆ → 0 (Gardiner, 2009). This leads to a 366 drift-diffusion equation:
Measurements of the mean and mean-squared positions of particles in tracking experiments, or estimates of the 368 average drift rate and dispersion rate of a pulse of labeled particles can thus provide estimates of parameters a and b.
369
How does this equation relate to the model of single-particle transport (Fig. 1A-B) ? For a memoryless biased 370 random walk, the expected position of a particle after n time steps is E[x n ] = n(p + − p − ) and the variance in position 371 after n steps is n p + + p − − (p + − p − ) 2 . For large numbers of non-interacting particles the mean and variance 372 calculations for a single particle can be directly related to the ensemble statistics outlined above. We find:
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This analysis changes slightly when the single-particle trajectories contain long, unidirectional runs. The 375 expected position for any particle is the same E[x n ] = n(p + − p − ); the variance, in contrast, increases as run lengths 376 increase. However, the mass-action model can often provide a good fit in this regime with appropriately re-fit 377 parameters (see Fig. 1F ). Introducing run lengths produces a larger effective diffusion coefficient and thus provides 378 faster transport. As long as the single-particles have stochastic and identically distributed behavior, the ensemble 379 will be well-described by a normal distribution by the central limit theorem. This only breaks down in the limit of 380 very long unidirectional runs, as the system is no longer stochastic (Figure 1, Supplement 1) .
381
Stochastic interpretation of the mass-action model 382 An important assumption of the mass-action model is that there are large numbers of transported particles, so that 383 the behavior of the total system is deterministic. Intuitively, when each compartment contains many particles, then 
386
When few cargo particles are present, fluctuations in particle number are more functionally significant. Although 387 we did not model this regime directly, the mass-action model also provides insight into this stochastic regime.
388
Instead of interpreting u i as the amount of cargo in compartment i, this variable (when appropriately normalized)
389
can be interpreted as the probability of a particle occupying compartment i. Thus, for a small number of transported 390 cargoes, the mass-action model describes the average, or expected, distribution of the ensemble.
391
In this interpretation, the mass-action model models a spatial probability distribution. Let p i denote the 392 probability of a particle occupying compartment i. If a single particle starts in the somatic compartment at t = 0, and 393 we query this particle's position after a long period of transport, then the probability ratio between of finding this 394 particle in any parent-child pair of compartments converges to:
which is analogous to equation (3) in the Results.
396
In the stochastic model, the number of molecules in each compartment converges to a binomial distribution at 397 steady-state; the coefficient of variation in each compartment is given by:
This suggests two ways of decreasing noise. First, increasing the total number of transported molecules, n, decreases 399 the noise by a factor of 1/ √ n. Second, increasing p i decreases the noise in compartment i. However, this second 400 option necessarily comes at the cost of decreasing occupation probability and thus increasing noise in other 401 compartments.
402
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Estimating parameters of the mass-action model using experimental data 403 The parameters of the mass-action model we study can be experimentally fit by estimating the drift and diffusion 
410
The mass-action model might also be fit by tracking the positions of a population of particles with photoacti-411 vatable GFP (Roy et al., 2012) . In this case, the distribution of fluorescence at each point in time could be fit by 412 a Gaussian distribution; the drift and diffusion coefficients are respectively proportional to the rate at which the 413 estimated mean and variance evolves over time.
414
These experimental measurements can vary substantially across neuron types, experimental conditions, and 
Steady-state analysis
424
The steady-state ratio of trafficked cargo in neighboring compartments equals the ratio of the trafficking rate constants
425
(equation 2). Consider a unbranched neurite with non-uniform anterograde and retrograde rate constants (equation 426 1). It is easy to verify the steady-state relationship in the first two compartments, by settingu 1 = 0 and solving:
Successively applying the same logic down the cable confirms the condition in equation 2 holds globally. The more 428 general condition for branched morphologies can be proven by a similar procedure (starting at the tips and moving 429 in).
430
It is helpful to re-express the mass-action trafficking model as a matrix differential equation,u = Au, where
T is the state vector, and A is the state-transition matrix. For a general branched morphology, A will 432 be nearly tridiagonal, with off-diagonal elements corresponding to branch points; matrices in this form are called
For both branched and unbranched morphologies, each column of A sums to zero, which reflects conservation of 435 mass within the system. Assuming nonzero trafficking rates, the rank of A is exactly N − 1 (this can be seen by taking 436 the sum of the first N − 1 rows, which results in −1 times the final row). Thus, the nullspace of A is one-dimensional.
437
Equation (3) describes this manifold of solutions: the level of cargo can be scaled by a common multiplier across all 438 compartments without disrupting the relation in (2).
439
The steady-state distribution,ũ, is a vector that spans the nullspace of A. 
We emphasize that other potential signaling pathways could achieve the same effect, so 
467
In figure 8 , we obtained representative morphologies of five cell types from neuromorpho.org (Ascoli et al., 2007) . custom-written Python library to generate movies and figures for these simulations (Williams, 2016) .
476
Incorporating detachment and reattachment into the mass-action model 477 Introducing detachment into the mass-action model. For compartment i in a cable, the differential equations become:
When a i , b i c i , then the distribution of cargo on the microtubules (u i ) approaches a quasi-steady-state that 479 follows equation 3. In figure 4 , we present DDT and DDD models as two strategies that distribute cargo to match a 480 demand signalũ i . As mentioned in the main text, a spectrum of models that interpolate between these extremes are 481 possible. To interpolate between these strategies, let F be a scalar between 0 and 1, and letũ be normalized to sum 482 to one. We choose a i and b i to achieve: purely by demand-modulated trafficking, and non-specific detachment, Fig. 4C ). Setting F = 0 results in the DDD 486 model (demand is satisfied purely by demand-modulated detachment, and uniform/non-specific trafficking, Fig. 4D ).
487
An interpolated strategy is shown in figure 4E (F = 0.3).
488
The mass-action model with reattachment (equation 6) produces the following system of differential equations 
494
Globally tuning transport rates to circumvent the speed-specificity tradeoff 495 In figure 5 , supplement 1, we explored whether fine-tuning the trafficking rates could provide both fast and precise 496 cargo distribution. We investigated the DDD model with fast detachment rates in an unbranched cable with equally 497 spaced synapses and N = 100 compartments. Large detachment rates produced a proximal bias in cargo delivery 498 which we empirically found could be corrected by setting the anterograde and retrograde trafficking rates to be: Intuitively, the profile of the proximal delivery bias is roughly exponential (Fig. 6B) , and therefore the anterograde 505 rates need to be tuned more aggressively near the soma (where the bias is most pronounced), and more gently tuned , Results) provides a reasonably accurate fit after 100 seconds of simulation with moderately long run lengths and low particle numbers. The fit improves for longer simulations and larger particle numbers, since the cargo distribution is better approximated by a normal distribution under these conditions due to the central limit theorem. The coefficient of determination, R 2 , reflects the proportion of explained variance by the mass-action model (equivalent to a Gaussian fit to the concentration profile). Simulations of three illustrative parameter sets. As in figure 6 , cargo is distributed to six demand hotspots (black arrows). Six evenly distributed demand hotspots are placed along a neurite with a biologically relevant length of 800 µm and an optimistic diffusion coefficient of 10 µm 2 /s. The distributions of cargo on the microtubules (u i , blue) and detached cargo (u i , red) are shown at three times points for each model. Top row, a model in which detachment and reattachment occur on similar timescales (fast convergence). Middle row, a model in which detachment happens on a faster timescale than reattachment (reattachment is still quite fast relative to trafficking rates; slow convergence).
Bottom row, a model in which detachment occurs slowly, and reattachment occurs even slower (slow convergence).
(C) Mean percent error in the distribution of detached cargo (top) and excess cargo (bottom) as a function of time for the three parameter sets shown in panel B. (D) Tradeoff curves between excess cargo and time to converge to steady-state. Fast reattachment rates caused large excess cargo (upper left corner); increasing reattachment decreased this excess, but also increased the convergence time (lower right corner). The tradeoff is present across four detachment timescales (yellow-to-purple lines) that span four orders of magnitude. Colored squares denote the position of the three parameter sets shown in panels B and C. A model was judged to read steady-state when the derivatives dropped below a set threshold, near zero (see Methods).
